The aim of this work is to introduce a new three step iteration scheme for approximating fixed points of the nonlinear self mappings on a normed linear spaces satisfying Berinde contractive condition. We also study the sufficient condition to prove that our iteration process is faster than the iteration processes of Mann, Ishikawa and Agarwal, et al. Furthermore, we give two numerical examples which fixed points are approximated by using MATLAB.
Introduction and preliminaries
It is well-known that several mathematics problems are naturally formulated as fixed point problem,
where T is some suitable mapping, may be nonlinear. A solution x * of the problem (1.1) is called a fixed point of the mapping T . Throughout this paper, we denote by Dom(T ) and F ix(T ) the domain of a mapping T and the set of all fixed points of a mapping T , respectively.
Consider the fixed point iteration, which is given by x n+1 = T x n , n = 0, 1, 2, ..., (P n ) where x 0 is arbitrary point but fixed in Dom(T ). Sometime the iterative method (P n ) is also called the Picard iteration, or the Richardson iteration, or the method of successive substitution. The standard result for a fixed point iteration is the Banach contraction mapping principle as follows:
). Let (X, d) be a complete metric space and T : X → X be a contraction mapping, i.e., a mapping for which there exists a constant k ∈ [0, 1) such that d(T x, T y) ≤ kd(x, y) (1.3)
for all x, y ∈ X. Then T has a unique fixed point x * ∈ X and the iterates (P n ) converge to the fixed point x * . Moreover, the error estimation is given by:
for each x ∈ X.
If constant k in condition (1.3) is equal to 1, then T is called a nonexpansive mapping. In fact, the Picard iteration (P n ) has been successfully employed for approximating the fixed point of contraction mappings and its variants. This success, however, has not extended to some nonlinear mapping such as nonexpansive mappings whenever the existence of a fixed point of such mappings is known.
Consider the mapping T :
Then T is a nonexpansive mapping on a usual metric with a unique fixed point x * = 1 2 . We observe that the Picard iteration (P n ) of T with the starting value x 0 ∈ [0, 1] such that x 0 = 1 2 yield the sequence {1−x 0 , x 0 , 1−x 0 , ...} for which does not converge to a fixed point x * of T . Therefore, when a fixed point of nonexpansive mappings exists, other approximation techniques are needed to approximate it.
Iteration schemes for numerical reckoning fixed points of various classes of nonlinear operators have been introduced and studied by many mathematicians. For instance, the class of nonexpansive mappings via iteration methods is extensively studied in results of Tan and Xu [17] and Thakur et al. [20] . Also, the class of pseudocontractive mappings in their relation with iteration procedures has been studied by several researchers under suitable conditions (see main results of Yao et al. [21, 22] , Thakur et al. [18, 19] , Dewangan et al. [8, 9] ).
Throughout this paper, unless otherwise specified, let E be a normed linear space and T : E → E be a given mapping. Here, we give some concepts of other approximation techniques.
The Mann iteration process [13] is defined by the following sequence {x n }:
where {α n } ∞ n=0 is real control sequence in the interval [0, 1]. Remark 1.2. For α n = α ∈ [0, 1] (constant), the iteration (M n ) reduces to the the Krasnoselskij iteration, while for α n = 1 the iteration (M n ) becomes the Picard iteration (P n ).
In 1974, Ishikawa [12] introduced an iteration process {x n } defined iteratively by
where {α n } ∞ n=0 , {β n } ∞ n=0 are real control sequences in the interval [0, 1]. Remark 1.3. The Ishikawa iteration (I n ) reduces to the Mann iteration process (M n ) when take β n = 0 for all n = 0, 1, 2, ... .
In 2007, Agarwal et al. [2] introduced an iteration process {s n } defined iteratively by
where {α n } ∞ n=0 , {β n } ∞ n=0 are real control sequences in the interval [0, 1]. Now we come back to the contractive condition (1.3). We can easily see that this condition forces T to be continuous on X. It is then natural to ask that there exist contractive conditions which do not imply the continuity of T . In 1968, Kannan give answer for this question by considering instead of (1.3) the next condition of mappings that need not be continuous: there exists k ∈ [0, 1/2) such that
for all x, y ∈ E.
Example 1.4. Let X = R be a usual metric space and T : X → X be defined by
Then T is not continuous on R but it satisfies condition (1.4) with k = In 1975, Subrahmanyam [16] proved that Kannan contractive condition (1.4) characterizes the metric completeness, that is, a metric space E is complete if and only if every Kannan contraction mapping on E has a fixed point. Especially, the similar contractive condition of (1.4) has been introduced by Chatterjea [7] as follows: there exists k ∈ [0, 1/2) such that
Remark 1.5. Note that conditions (1.3), (1.4) and (1.5) are independent contractive conditions (see in [15] ).
In 1972, Zamfirescu [23] obtained a very interesting fixed point theorem, by combining (1.3), (1.4) and (1.5) as follows: Theorem 1.6. Let (X, d) be a complete metric space and T : X → X be a Zamfirescu mapping, i.e., there exist the real numbers a, b and c satisfying a ∈ [0, 1) and b, c ∈ [0, 1/2) such that for each x, y ∈ X, at least one of the following is true:
Then T has a unique fixed point x * and the Picard iteration {x n } defined as (P n ) converges to x * for arbitrary but fixed x 0 ∈ X.
In 2004, Berinde [4] introduced a new class of mappings on a metric space (X, d) satisfying 6) where 0 ≤ δ < 1 and L ≥ 0.
Remark 1.7. It follows from the symmetry of the metric that the weak contractive condition (1.6) implies the following condition:
Therefore, in order to check the weak contractiveness of T , it is necessary to check both (1.6) and (1.7).
He also showed that the class of nonlinear mapping satisfying the condition (1.6) is wider than the class of Zamfirescu mappings. In next year, Berinde [6] used the Ishikawa iteration process (I n ) to approximate fixed points of this class in a normed linear space.
By using the iteration process (ARS n ), Hussain et al. [11] proved a general theorem to approximate fixed points for nonlinear self mappings T on a nonempty closed convex subset C of a normed linear space E satisfying the condition (1.6) as follows:
). Let C be a nonempty closed convex subset of a Banach space E and T : C → C be a mapping satisfying the condition (1.6). Suppose that the sequence {s n } is defined through the iterative process (ARS n ) and s 0 ∈ C, where {α n } ∞ n=0 , {β n } ∞ n=0 are sequences in the interval [0, 1] satisfying
F ix(T ) = ∅, then the sequence {s n } converges strongly to the fixed point of T .
They also give some example to show that iteration process (ARS n ) is faster than the iteration processes (M n ) and (I n ) in the sense of Berinde [5] (see in Definition 1.9).
Definition 1.9 ([5]
). Let {a n } and {b n } be two sequences of real numbers that converge to a and b, respectively, and assume that there exists l := lim n→∞ |a n − a| |b n − b| .
(R 1 ) If l = 0, then it can be said that {a n } converges faster to a than {b n } to b.
(R 2 ) If 0 < l < ∞, then it can be said that {a n } and {b n } have the same rate of convergence.
Next, we give the useful concept about rate of convergence due to Abbas and Nazir [1] .
Definition 1.10 ([1]
). Let (X, · ) be a normed linear space and {u n }, {v n } be two sequences in X. Suppose that {u n } and {v n } converging to the same point p ∈ X and the following error estimates ||u n − p|| ≤ a n , for all n ∈ N;
are available, where {a n } and {b n } are two sequences of positive numbers (converging to zero). If {a n } converges faster than {b n }, then {u n } converges faster than {v n } to p.
In this work, the authors deal with the iterates of Berinde mappings, in normed linear spaces, under a new iteration process (S n ) (see this process in Section 2), with convergence analysis. We also support analytic proof by numerical examples in Section 3.
Approximation results
In this section, we prove the new theorem to approximate fixed points for nonlinear self mappings T on a nonempty closed convex subset C of normed linear space E satisfying the condition (1.6) through the new iteration process as follows:
where {α n } ∞ n=0 , {β n } ∞ n=0 , {γ n } ∞ n=0 are real control sequences in the interval [0, 1]. Theorem 2.1. Let C be a nonempty closed convex subset of a Banach space (E, · ) and T : C → C be a mapping satisfying the contractive condition (1.6), with the fixed point w. Suppose that the sequence {x n } is defined by the iteration process (S n ) and the sequences {α n } ∞ n=0 , {β n } ∞ n=0 , and
, and [γ, 1 − γ] respectively, with α, β, γ ∈ (0, 1 2 ). If α(2 − γ) < γ, then the iteration process (S n ) converges strongly to the fixed point w of T faster than (ARS n ).
Proof. For each n ∈ {0, 1, 2, ...}, by using (S n ), we get
Using (S n ) again, for each n ∈ {0, 1, 2, ...}, we have
From (2.1), (2.2) and (2.3), we have
for all n ∈ {0, 1, 2, ...}. Therefore,
Now, let us refer to the (ARS n ) iteration. We have
On the other hand,
Using (2.4), and (2.5), we obtain
It follows that
Since α(2 − γ) < γ, we get that
In this respect, lim
and the conclusion follows.
Numerical results
In this section, we consider the following examples to illustrate the theoretical results that our iteration process (S n ) is faster than the iteration process (ARS n ) for mapping satisfying condition (1.6) and then it is also faster than the iteration processes (M n ) and (I n ).
Example 3.1. Let C = [1, 100] be a subset of a usual normed space E = R and T : C → C be a mapping which is defined by T x = x 2 − 8x + 40
for all x ∈ C. Choose α = β = 0.1, γ = 0.2 and α n = β n = γ n = 1 2 for all n = 0, 1, 2, ... . By mean valued theorem, we can prove that T satisfies the condition (1.6). It is easy to see that T has a unique fixed point w := 5. Also, it clear that sequences {α n }, {β n }, {γ n } and parameters α, β, γ satisfy all the conditions of Theorem 2.1. So our corresponding iteration process (S n ) is faster than the Agarwal et al. iteration process (ARS n ) and then it is also faster than the Mann iteration process (M n ), the Ishikawa iteration process (I n ).
For the initial point x 0 = 100, our corresponding iteration process (S n ), the Agarwal et al. iteration process (ARS n ), the Ishikawa iteration process (I n ), the Mann iteration process (M n ) are, respectively, given in Table 1 . for all x ∈ C. Choose α = β = γ = 0.25 and α n = β n = γ n = for all n = 0, 1, 2, ... . By mean valued theorem, we can show that T satisfies the condition (1.6). It is easy to see that T has a unique fixed point w ≈ 0.739085133215161. Also, it is clear that sequences {α n }, {β n }, {γ n } and parameters α, β, γ satisfy all the conditions of Theorem 2.1. So our corresponding iteration process (S n ) is faster than the Agarwal et al. iteration process (ARS n ) and then it is also faster than the Mann iteration process (M n ), the Ishikawa iteration process (I n ).
For the initial point x 0 = 5, our corresponding iteration process (S n ), the Agarwal et al. iteration process (ARS n ), the Ishikawa iteration process (I n ), the Mann iteration process (M n ) are, respectively, given in Table 2 . 
Conclusion and open problem
Convergence behavior of the sequence {x n } generated by the fixed point iteration process (S n ) was investigated under general assumptions on the parameter. The rate of convergence of this iteration process was studied. Finally, some illustrative numerical results are furnished which demonstrate the validity of the hypotheses and degree of utility of our results. It shows the behavior of iteration (S n ) with respect to the Mann iteration process (M n ), the Ishikawa iteration process (I n ) and the Agarwal et al. iteration process (ARS n ).
On the other hand, stability results established in metric spaces and normed linear spaces have been studied by several mathematicians such as Haghi et al. [10] , Olatinwo and Postolache [14] . Therefore, the stability of iteration scheme (S n ) still open for interested mathematicians.
